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Abstract
We consider a Higgs mechanism in scale-invariant theories of gravitation. It is shown
that in spontaneous symmetry breakdown of scale invariance, gauge symmetries are also
broken spontaneously even without the Higgs potential if the corresponding charged
scalar fields couple to a scalar curvature in a non-minimal way. In this gravity-inspired
new Higgs mechanism, the non-minimal coupling term, which is scale-invariant, plays a
critical role. Various generalizations of this mechanism are possible and particularly the
generalizations to non-abelian gauge groups and a scalar field with multi-components are
presented in some detail. Moreover, we apply our finding to a scale-invariant extension of
the standard model (SM) and calculate radiative corrections. In particular, we elucidate
the coupling between the dilaton and the Higgs particle and show that the dilaton mass
takes a value around the GeV scale owing to quantum effects even if the dilaton is
massless at the classical level.
1E-mail address: ioda@phys.u-ryukyu.ac.jp
1 Introduction
Current understanding of elementary particle physics is based on two celebrated fundamental
principles, which are gauge symmetry and spontaneous symmetry breakdown of the gauge
symmetry. In four interactions among elementary particles, strong, weak and electro-magnetic
interactions are known to be described on the same footing in terms of a gauge theory which is
the standard model (SM) on the basis of SU(3)×SU(2)×U(1) gauge group, and gravitational
interaction is believed to be also described by a gauge theory whose final formalism is still
far from complete at present.
The gauge principle alone, however, cannot describe the known structure of elementary
particles. The gauge principle requires elementary particles to be massless2, so in order to gen-
erate masses for elementary particles the SU(2)×U(1) gauge symmetry must be spontaneously
broken at any rate. The idea of spontaneous symmetry breakdown itself is not new for ele-
mentary particle physics but has emerged as a universal phenomenon in physics, in particular,
condensed matter physics. An alternative and indeed older description of super-conductivity,
which was developed by Ginzburg and Landau, turned out to be a phenomenological repre-
sentation of the BCS theory [2]. In this transcription, the complex ”Ginzburg-Landau” scalar
field is nothing but the Higgs boson representing a bound pair of electrons and holes, and its
phase and amplitude components correspond to the massless Nambu-Goldstone boson and
the massive Higgs type of excitations, respectively. As it happens, the collective excitations
of both the types do exist in all phenomena of the super-fluidity type. This universality of
the spontaneous symmetry breakdown, however, seems to have no implication in gravity so
far. The concept of the mass is intimately connected with general relativity since the right-
hand side of Einstein’s equations is constructed out of the energy-momentum tensor. In this
article, we will investigate an idea such that a scale-invariant gravity induces the sponta-
neous symmetry breakdown of gauge symmetry without assuming the existence of the Higgs
potential.
The SM based on SU(3) × SU(2) × U(1) gauge group, together with classical general
relativity, describes with amazing parsimony (only 19 parameters) our world over scales that
have been explored by experiments: from the Hubble radius of 1030cm all the way down to
scales of the order of 10−16cm. In other words, with the help of cosmological initial conditions
when the universe was much smaller, the SM is believed to encode the information needed
to deduce all the physical phenomena observed so far. There are, however, some obvious
chinks in the armor of the SM. In particular, the origin of different scales in nature cannot
be answered at all by the SM. One should recall that there is only one fundamental constant
with the dimension of mass: Gravity comes with its own mass scale Mp = 2.4×1018GeV . All
units of mass should be scaled to this fundamental scale. It is a source of great intellectual
2To tell this statement more precisely, gauge invariance with the conventional form forbids the presence of
a mass term of gauge field, but such a mass term can exist if we change the gauge transformation to a more
complicated form. This situation happens when we consider a theory with spontaneous symmetry beakdown
where a translation of the field by a constant must be accompanied [1].
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worry that the SM appears to be consistent at a scale which is so different from the Planck
mass scale. Naive expectations are that all physical phenomena should occur at their natural
scale which is of course the Planck scale.
Coleman-Mandula theorem [3] allows the Poincare group to be generalized to two global
groups, one is the super-Poincare group and the other is the conformal group. It is remarkable
to notice that these two groups might yield resolution of the gauge hierarchy problem by a
completely different idea, and they also yield a natural generalization of local gauge group,
the former gives rise to the local super-Poincare group leading to supergravity whereas the
latter does the local conformal group leading to conformal gravity.
According to recent results by the LHC [4, 5], supersymmetry on the basis of the super-
Poincare group seems not to be taken by nature as resolution of the gauge hierarchy problem.
Then, it is natural to ask ourselves if the conformal group, the other extension of the Poincare
group, gives us resolution of the gauge hierarchy problem. Indeed, inspired by an interesting
idea by Bardeen [6], there has appeared to pursue the possibility of replacing the supersym-
metry with the conformal symmetry near the TeV scale in an attempt to solve the hierarchy
problem [7, 8]. It is worth noting that the principle of conformal invariance is more rigid than
the supersymmetry in the sense that in many examples the conformal symmetry predicts the
number of generations as well as a rich structure for the Yukawa couplings among various
families. This inter-family rigidity is a welcome feature of the conformal approach to particle
phenomenology [9].
In the conformal approach, it is thought that the electro-weak scale and the QCD scale
as well as the masses of observed quarks and leptons are all so small compared to the Planck
scale that it is reasonable to believe that in some approximation they are exactly massless. If
so, then the quantum field theory which would be describing the massless fields should be a
conformal theory as it has no mass scale. In this scenario, the fact that there are no large mass
corrections follows from the condition of conformal invariance. In other words, the ’tHooft
naturalness condition [10] is satisfied in the conformal approach, namely in the absence of
masses there is an enhanced symmetry which is the conformal symmetry. Of course, the
breaking of conformal invariance should be soft in such a way that the idea of the conformal
symmetry is relevant for solving the hierarchy problem.
In passing, in the present context, it seems to be of interest to consider the issue of
renormalizability. Usually, in quantum field theories, the condition of renormalizability is
imposed on a theory as if it were a basic principle to make the perturbation method to be
meaningful, but its real meaning is unclear since there might exist a theory for which only the
non-perturbative approach could be applied without relying on the perturbation method at
all. To put differently, the concept of renormalizability means that even if one is unfamiliar
with true physics beyond some higher energy scale, one can construct an effective theory by
confining its ignorance to some parameters such as coupling constants and masses below the
energy scale. Thus, from this point of view, it is unclear to require the renormalizability
to theories holding at the highest energy scale, the Planck scale, such as quantum gravity
and superstring theory. On the other hand, given a scale invariance in a theory, all the
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coupling constants must be dimensionless and operators in an action are marginal ones whose
coefficient is independent of a certain scale, which ensures that the theory is manifestly
renormalizable. In this world, all masses of particles must be then generated by spontaneous
symmetry breakdown.
In previous works [11, 12], we have shown that without resort to the Coleman-Weinberg
mechanism [13], by coupling the non-minimal term of gravity, the U(1) B-L gauge symmetry
in the model [8] is spontaneously broken in the process of spontaneous symmetry breakdown
of global or local scale symmetry at the tree level and as a result the U(1) B-L gauge field
becomes massive via the Higgs mechanism. One of advantages in this mechanism is that we
do not have to introduce the Higgs potential in a theory.
Then, we have the following questions of this mechanism of symmetry breaking of gauge
symmetry:
1. Is it possible to generalize to the non-abelian gauge groups?
2. Is it possible to generalize many scalar fields?
3. What becomes of applying it to the standard model and what its radiative corrections
are?
In this article, we would like to answer these questions in order. The structure of this
article is the following: In Section 2, we present the simplest model which accomodates global
scale symmetry and the abelian gauge symmetry, and explain our main idea. In Section 3,
we generalize this simple model to a model with the non-abelian gauge symmetry. In Section
4, we extend our idea to a model of a scalar field with many of components. Moreover, we
apply our finding to a scale-invariant extension of the standard model and calculate radiative
corrections in Section 5. We conclude in Section 6. Two appendices are given, one of which
is to explain a derivation of the dilatation current and the other is to put useful formulae for
the calcualtion of radiative corrections.
2 Review of a globally scale-invariant Abelian model
We start with a brief review of the simplest model showing a gravitational Higgs phenomenon
which was previously discovered in case of a global scale invariance and the abelian gauge
group [11].
With a background curved metric gµν , a complex (singlet) scalar field Φ and the U(1)
3
gauge field Aµ, the Lagrangian takes the form
3:
L = √−g
[
ξΦ†ΦR − gµν(DµΦ)†(DνΦ)− 1
4
gµνgρσFµρFνσ
]
, (1)
where ξ is a certain positive and dimensionless constant. The covariant derivative and field
strength are respectively defined as
DµΦ = (∂µ − ieAµ)Φ, (DµΦ)† = (∂µ + ieAµ)Φ†, Fµν = ∂µAν − ∂νAµ, (2)
with e being a U(1) real coupling constant.
Let us note that the Lagrangian (1) is invariant under a global scale transformation. In
fact, with a constant parameter Ω = eΛ ≈ 1+Λ (|Λ| ≪ 1) the scale transformation is defined
as [15]4
gµν → g˜µν = Ω2gµν , gµν → g˜µν = Ω−2gµν ,
Φ → Φ˜ = Ω−1Φ, Aµ → A˜µ = Aµ. (3)
Then, using the formulae
√−g = Ω−4√−g˜, R = Ω2R˜, it is straightforward to show that
L is invariant under the scale transformation (3). Following the Noether procedure ΛJµ =∑ ∂L
∂∂µφ
δφ where φ = {gµν ,Φ,Φ†}, as shown in the Appendix A, the current for the scale
transformation, what we call the dilatation current, takes the form5
Jµ = (6ξ + 1)
√−ggµν∂ν
(
Φ†Φ
)
. (4)
To prove that this current is conserved on-shell, it is necessary to derive a set of equations
of motion from the Lagrangian (1). The variation of (1) with respect to the metric tensor
produces Einstein’s equations
2ξΦ†ΦGµν = T
(A)
µν + T
(Φ)
µν − 2ξ(gµν✷−∇µ∇ν)(Φ†Φ), (5)
where d’Alembert operator ✷ is as usual defined as ✷(Φ†Φ) = 1√−g∂µ(
√−ggµν∂ν(Φ†Φ)) =
gµν∇µ∇ν(Φ†Φ) and the Einstein tensor is Gµν = Rµν − 12gµνR. Here the energy-momentum
3We follow notation and conventions by Misner et al.’s textbook [14], for instance, the flat Minkowski metric
ηµν = diag(−,+,+,+), the Riemann curvature tensor Rµ ναβ = ∂αΓµνβ − ∂βΓµνα+ΓµσαΓσνβ −ΓµσβΓσνα, and the
Ricci tensor Rµν = R
α
µαν . The reduced Planck mass is defined as Mp =
√
ch¯
8piG = 2.4× 1018GeV . Through
this article, we adopt the reduced Planck units where we set c = h¯ = Mp = 1 though we sometimes recover the
Planck massMp for the clarification of explanation. In this units, all quantities become dimensionless. Finally,
note that in the reduced Planck units, the Einstein-Hilbert Lagrangian density takes the form LEH = 12
√−gR.
4In this article, we use the terminology such that scale or conformal transformation means global trans-
formation whereas its local version is called local scale transformation or local conformal transformation.
5The case ξ = − 16 corresponds to conformal gravity, for which there is no dilatation current.
4
tensors T (A)µν for the gauge field and T
(Φ)
µν for the scalar field are defined as, respectively
T (A)µν = −
2√−g
δ
δgµν
[−1
4
√−ggαβgρσFαρFβσ]
= gρσFµρFνσ − 1
4
gµνF
2
ρσ,
T (Φ)µν = −
2√−g
δ
δgµν
[−√−ggρσ(DρΦ)†(DσΦ)]
= 2(D(µΦ)
†(Dν)Φ)− gµν(DρΦ)†(DρΦ), (6)
where we have used the notation of symmetrization A(µBµ) =
1
2
(AµBν + AνBµ).
Next, the equation of motion for Φ† is of form
ξΦR +
1√−gDµ(
√−ggµνDνΦ) = 0. (7)
Finally, taking the variation with respect to the gauge fields A(i)µ produces ”Maxwell” equa-
tions
∇ρF µρ = −ie
[
Φ†(DµΦ)− Φ(DµΦ)†
]
. (8)
Now we wish to prove that the current (4) for the scale transformation is indeed conserved
on-shell by using these equations of motion. Before doing so, let us first take the divergence
of the current, whose result is given by
∂µJ
µ = (6ξ + 1)
√−g✷(Φ†Φ). (9)
In order to show that the expression in the right-hand side of Eq. (9) vanishes on-shell, let
us take the trace of Einstein’s equations (5)
ξΦ†ΦR = 3ξ✷(Φ†Φ) + (DµΦ)
†(DµΦ). (10)
Next, multiplying Eq. (7) by Φ†, and then eliminating the term involving the scalar curvature,
i.e., ξΦ†ΦR, with the help of Eq. (10), we obtain
3ξ✷(Φ†Φ) + (DµΦ)
†(DµΦ) +
1√−gΦ
†Dµ(
√−ggµνDνΦ) = 0. (11)
At this stage, it is useful to introduce a generalized covariant derivative defined as Dµ =
Dµ + Γµ where Γµ is the usual affine connection. Using this derivative, Eq. (11) can be
rewritten as
3ξDµDµ(Φ†Φ) + (DµΦ)†(DµΦ) + Φ†DµDµΦ = 0. (12)
Then, adding its Hermitian conjugation to Eq. (12), we arrive at
(6ξ + 1)DµDµ(Φ†Φ) = 0. (13)
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The quantity Φ†Φ is a scalar and neutral under the U(1) charge, we obtain
(6ξ + 1)✷(Φ†Φ) = 0. (14)
Using this equation, the right-hand side in Eq. (9) is certainly vanishing, by which we can
prove that the current of the scale transformation is conserved on-shell as promised.
Now we are willing to explain our finding about spontaneous symmetry breakdown of
gauge symmetry in our model where the coexistence of both scale invariance and gauge
symmetry plays a pivotal role. Incidentally, it might be worthwhile to comment that in
ordinary examples of spontaneous symmetry breakdown in the framework of quantum field
theories, one is accustomed to dealing with a potential which has the shape of the Mexican
hat type and therefore induces the symmetry breaking in a natural way, but the same recipe
cannot be applied to general relativity because of the lack of such a potential.6
Let us note that a very interesting recipe which induces spontaneous symmetry breakdown
of scale invariance via local scale transformation has been already known [15]. This recipe
can be explained as follows: Suppose that we started with a scale-invariant theory with only
dimensionless coupling constants. But in the process of local scale transformation, one cannot
refrain from introducing the quantity with mass dimension, which is the Planck mass Mp in
the present context, to match the dimensions of an equation and consequently scale invariance
is spontaneously broken.
Of course, the absence of a potential which induces symmetry breaking makes it impos-
sible to investigate a stability of the selected solution, but the very existence of the solution
including the Planck mass with mass dimension justifies the claim that this phenomenon is
nothing but a sort of spontaneous symmetry breakdown. This fact can be also understood
by using a dilatation charge as seen shortly.
The first technique for obtaining spontaneous symmetry breakdown of both scale and
gauge invariances is to find a suitable local scale transformation which transforms dilaton
gravity in the Jordan frame to general relativity with matters in the Einstein frame. Of
course, note that our starting Lagrangian is invariant under not the local scale transformation
but the global transformation, so the change of form of the Lagrangian after the local scale
transformation is reasonable. Here it is useful to parametrize the complex scalar field Φ in
terms of two real fields, Ω (or σ) and θ in polar form, defined as
Φ(x) =
1√
2ξ
Ω(x)eiαθ(x) =
1√
2ξ
eζσ(x)+iαθ(x), (15)
where Ω(x) = eζσ(x) is a local parameter field and the constants ζ, α will be determined later.
Let us then consider the following local scale transformation:
gµν → g˜µν = Ω2(x)gµν , gµν → g˜µν = Ω−2(x)gµν , Aµ → A˜µ = Aµ. (16)
6In the case of massive gravity, a similar situation occurs in breaking the general coordinate invariance
spontaneously [16].
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Note that apart from the local property of Ω(x), this local scale transformation is different
from the scale transformation (3) in that the complex scalar field Φ is not transformed at all.
Under the local scale transformation (16), the scalar curvature is transformed as
R = Ω2(R˜ + 6✷˜f − 6g˜µν∂µf∂νf), (17)
where we have defined as f = log Ω = ζσ and ✷˜f = 1√−g˜∂µ(
√−g˜g˜µν∂νf) = g˜µν∇˜µ∇˜νf .
With the critical choice
ξΦ†Φ =
1
2
Ω2 =
1
2
e2ζσ, (18)
the non-minimal term in (1) reads the Einstein-Hilbert term (plus part of the kinetic term of
the scalar field σ) up to a surface term as follows:
√−gξΦ†ΦR = Ω−4
√
−g˜1
2
Ω2Ω2(R˜ + 6✷˜f − 6g˜µν∂µf∂νf)
=
√
−g˜
(
1
2
R˜− 3ζ2g˜µν∂µσ∂νσ
)
. (19)
Then, the second term in (1) is cast to the form
−√−ggµν(DµΦ)†(DνΦ) = − 1
2ξ
√
−g˜g˜µν
(
ζ2∂µσ∂νσ + e
2BµBν
)
, (20)
where we have chosen α = e for convenience, and defined a new massive gauge field Bµ as
Bµ = Aµ + ∂µθ. (21)
In terms of this new gauge field Bµ, the Maxwell’s Lagrangian in (1) is described in the
Einstein frame as
−1
4
√−ggµνgρσFµρFνσ = −1
4
√
−g˜g˜µν g˜ρσF˜µρF˜νσ, (22)
where F˜µν ≡ ∂µBν − ∂νBµ.
It is worthwhile to stress again that in the process of local scale transformation we have had
to introduce the mass scale into a theory having no dimensional constants, thereby inducing
the breaking of the scale invariance. More concretely, to match the dimensions in the both
sides of the equation, the Planck mass Mp must be introduced in the ciritical choice (18)
(recovering the Planck mass)
ξΦ†Φ =
1
2
Ω2M2p =
1
2
e2ζσM2p . (23)
It is also remarkable to notice that in the process of spontaneous symmetry breakdown of
the scale invariance, the Nambu-Goldstone boson θ is absorbed into the U(1) gauge field Aµ
as a longitudinal mode and as a result Bµ acquires a mass, which is nothing but the Higgs
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mechanism! In other words, the U(1) gauge symmetry is broken at the same time and on the
same energy scale that the scale symmetry is spontaneously broken. The size of the mass MB
of Bµ can be read off from (20) as MB =
e√
ξ
Mp which is also equal to the energy scale on
which the scale invariance is broken.
Putting (19), (20) and (22) together, and defining ζ−2 = 6+ 1
ξ
(by which the kinetic term
for the σ field becomes a canonical form), the Lagrangian (1) is reduced to the form
L =
√
−g˜
[
1
2
M2p R˜−
1
2
g˜µν∂µσ∂νσ − 1
4
F˜ 2µν −
e2
2ξ
M2pBµB
µ
]
, (24)
where we have recovered the Planck mass Mp for clarity. Let us note that the first term
coincides with the Einstein-Hilbert term in general relativity, the second term implies that
the dilaton σ is massless at the classical level, and the last two terms means that the gauge
field becomes massive via the new Higgs mechanism.
As an interesting application of our finding to phenomenology, we can propose two scenar-
ios at the different energy scales. One scenario, which was adopted in case of the classically
scale-invariant B-L model [8, 11, 12], is the spontaneous symmetry breakdown at the TeV
scale where e√
ξ
≈ 10−15, so the gravity is in the strong coupling phase. The other scenario
is to trigger the spontaneous symmetry breakdown of both scale and gauge symmetry at the
Planck scale, for which we take e√
ξ
≈ 1 and the gravity is in the weak coupling phase.
Finally, let us comment on the physical meaning of the dilaton σ. The dilaton is a
massless particle and interact with the other fields only through the covariant derivative
D˜µ = Dµ + ζ(∂µσ), but owing to its nature of the derivative coupling, at the low energy this
coupling is so small that it is difficult to detect the dilaton experimentally.
To understand the physical meaning of the dilaton more clearly, it is useful to evaluate
the dilatation current Jµ in (4) in the Einstein frame. The result reads
Jµ =
1
ζ
√
−g˜g˜µν∂νσ. (25)
This is exactly the expected form of the current seen in the case of the conventional spon-
taneous symmetry breakdown, with 1
ζ
playing the role of the vacuum value of the order
parameter, and the dilaton σ doing of the Nambu-Goldstone boson associated with the spon-
taneous symmetry breakdown of the scale invariance. This result can be also reached by
constructing the corresponding charge which is defined as QD =
∫
d3xJ0. Note that this
charge does not annihilate the vacuum because of the linear form in σ
QD|0 > 6= 0. (26)
Of course, it is also possible to show ∂µJ
µ = 0 in terms of equations of motion in the Einstein
frame as proved in the Jordan frame before. It therefore turns out that the dilaton σ is indeed
the Nambu-Goldstone boson associated with spontaneous symmetry breakdown of the scale
invariance. We will see later that although the dilaton is massless at the classical level, the
trace anomaly makes the dilaton be massive at the quantum level.
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3 The generalization to non-Abelian groups
In this section, we wish to extend the present formalism to arbitrary non-Abelian gauge
groups. For clarity, we shall consider only the SU(2) gauge group with a complex SU(2)-
doublet of scalar field ΦT = (Φ1,Φ2) since the generalization to a general non-Abelian gauge
group is straightforward.
Let us start with the SU(2) generalization of the Lagrangian (1)
L = √−g
[
ξΦ†ΦR − gµν(DµΦ)†(DνΦ)− 1
4
gµνgρσF aµρF
a
νσ
]
, (27)
where a is an SU(2) index running over 1, 2, 3, and the covariant derivative and field strength
are respectively defined as
DµΦ = (∂µ − igτaAaµ)Φ, (DµΦ)† = (∂µ + igτaAaµ)Φ†,
F aµν = ∂µA
a
ν − ∂νAaµ + gεabcAbµAcν . (28)
Here g is an SU(2) coupling constant (Do not confuse with the determinant of the metric
tensor since we use the same letter of the alphabet). Furthermore, the matrices τa are defined
as half of the Pauli ones, i.e., τa = 1
2
σa, so the following relations are satisfied:
{τa, τ b} = 1
2
δab, [τa, τ b] = iεabcτ c. (29)
In order to see the Higgs mechanism discussed in the previous section explicitly, it is convenient
to go to the unitary gauge. To do that, we first parametrize the scalar doublet as
Φ(x) = U−1(x)
1√
2ξ
eζσ(x)

 0
1

 , (30)
where a unitary matrix U(x) is defined as U(x) = e−iατ
aθa(x) with α being a real number.
Then, we will define new fields in the unitary gauge by
Φu(x) = U(x)Φ(x) =
1√
2ξ
eζσ(x)

 0
1

 = 1√
2ξ
Ω(x)

 0
1

 ,
τaBaµ = U(x)τ
aAaµU
−1(x)− i
g
∂µU(x)U
−1(x). (31)
Using these new fields, after an easy calculation, we find the following relations
DµΦ = U
−1(x)DµΦ
u, F aµνF
aµν = F aµν(B)F
aµν(B), (32)
where DµΦ
u and F aµν(B) are respectively defined as
DµΦ
u = (∂µ − igτaBaµ)Φu, F aµν(B) = ∂µBaν − ∂νBaµ + gεabcBbµBcν . (33)
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To reach the desired Lagrangian, we can follow a perfectly similar path of argument to
the case of the Abelian gauge group in the previous section. In other words, we will take a
critical choice
ξΦu†Φu =
1
2
Ω2M2p =
1
2
e2ζσM2p , (34)
and make use of the local scale transformation by the local parameter Ω(x) to move from the
Jordan frame to the Einstein frame. After performing this procedure, the final Lagrangian
reads
L =
√
−g˜
[
1
2
M2p R˜−
1
2
g˜µν∂µσ∂νσ − 1
4
(F˜ aµν)
2 − g
2
8ξ
M2pB
a
µB
aµ
]
, (35)
where F˜ aµν ≡ F aµν(B). The mass of the massive gauge field Baµν is easily read off to be
MB =
g
2
√
ξ
Mp. As in the Abelian group, we can see that the massless dilaton σ is the
Nambu-Goldstone boson of spontaneous symmetry breakdown of scale symmetry by making
the conserved dilatation current and its charge.
4 The generalization to scalar field with many compo-
nents
Let us recall that the quantum field theory of a scalar field with many components goes in
much the same way as that of a single component except that new interesting internal sym-
metry arises. This general fact is also valid even in the present formalism if we take a common
”radial” field in all the components. When we consider a general ”radial” field, we must face
an annoying issue of getting the canonical kinetic term for the dilaton. The procedure of
obtaining the canonical kinetic term is just a problem of matrix diagonalization and is not in
principle a problem, but the general treatment makes our formalism very complicated. We
will therefore focus on the case of the common ”radial” field in this section. In the next
section, we will meet the same situation since we consider two scalar fields coupling to a
curvature scalar in the non-minimal manner, but a reasonable approximation can serve to
avoid this annoying issue.
The starting Lagrangian is just a generalization of (1) to n complex scalar fields, or
equivalently a complex scalar field with n independent components Φi(i = 1, 2, · · · , n)
L =
n∑
i=1
√−g
[
ξiΦ
†
iΦiR − gµν(DµΦi)†(DνΦi)−
1
4
gµνgρσF (i)µρF
(i)
νσ
]
, (36)
where ξi are positive and dimensionless constants. The covariant derivative and field strength
are respectively defined as
DµΦi = (∂µ − ieiA(i)µ )Φi, (DµΦi)† = (∂µ + ieiA(i)µ )Φ†i , F (i)µν = ∂µA(i)ν − ∂νA(i)µ . (37)
10
Since the Lagrangian (36) includes only dimensionless coupling constants, it is manifestly
invariant under a global scale transformation. Following the Noether theorem, the current
for the scale transformation reads
Jµ =
n∑
i=1
(6ξi + 1)
√−ggµν∂ν
(
Φ†iΦi
)
. (38)
In a similar way to the cases of both Abelian and non-Abelian gauge groups, we can show
that this current is conserved on-shell.
As mentioned in the above, the point is to take a common ”radial” (real) field Ω(x) such
that
Φi(x) =
1√
2nξi
Ω(x)eiαiθi(x) =
1√
2nξi
eζσ(x)+iαiθi(x). (39)
This is a great simplification in the sense that n real component fields in Φi(x) is reduced to
a single one, but this restriction is needed to obtain the canonical kinetic term for the dilaton
in a rather simple way.
Now we would like to show that the Lagrangian (36) has the property of spontaneous
symmetry breakdown of gauge symmetry when scale symmetry is spontaneously broken. To
do that, we proceed similar steps to the case of the single scalar field with the Abelian gauge
group in Section 2. With the critical choice
ξiΦ
†
iΦi =
1
2n
Ω2 =
1
2n
e2ζσ, (40)
the non-minimal term in (36) yields the Einstein-Hilbert term and part of the kinetic term of
the scalar field σ) up to a surface term
n∑
i=1
√−gξiΦ†iΦiR =
√
−g˜
(
1
2
R˜ − 3ζ2g˜µν∂µσ∂νσ
)
. (41)
Moreover, the second term in (36) is reduced to
−
n∑
i=1
√−ggµν(DµΦi)†(DνΦi) = −
n∑
i=1
1
2nξi
√
−g˜g˜µν
(
ζ2∂µσ∂νσ + e
2
iB
(i)
µ B
(i)
ν
)
, (42)
where we have selected αi = ei and defined new massive gauge fields B
(i)
µ by
B(i)µ = A
(i)
µ + ∂µθi. (43)
In terms of the new gauge fields B(i)µ , the Maxwell’s Lagrangian in (36) is cast to the form
−1
4
n∑
i=1
√−ggµνgρσF (i)µρF (i)νσ = −
1
4
n∑
i=1
√
−g˜g˜µν g˜ρσF˜ (i)µρ F˜ (i)νσ , (44)
where F˜ (i)µν ≡ ∂µB(i)ν − ∂νB(i)µ .
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To summarize, the Lagrangian (36) is given by
L =
√
−g˜
{
1
2
M2p R˜−
1
2
g˜µν∂µσ∂νσ +
n∑
i=1
[
−1
4
(F˜ (i)µν )
2 − e
2
i
2nξi
M2pB
(i)
µ B
(i)µ
]}
, (45)
where the definition ζ−2 = 6 + 1
n
∑n
i=1
1
ξi
is used. It is then obvious that this system also
exhibits the new Higgs mechanism triggered by spontaneous symmetry breakdown of scale
symmetry.
5 Radiative corrections and dilaton mass
In this section, as an example, we wish to apply our idea discussed so far to the standard model
and evaluate the quantum effects. Since the standard model is known to not be classically
scale-invariant because of the presence of the (negative) mass term of the Higgs field, we must
replace the mass term with a new scalar field. It is then natural to identify this new scalar
with the Φ field which couples to a scalar curvature in a non-minimal manner.
Let us first recall that in our previous work [11] we have already considered one-loop
effects of a classically scale invariant B-L model [8]. However, our finding of gravitational
spontaneous symmetry breakdown of gauge symmetry as a result of spontaneous symmetry
breakdown of scale symmetry is very universal in the sense that our ideas can be generalized
not only to local scale symmetry as clarified in [12] but also to non-Abelian gauge groups
and even a scalar field with many of components as discussed in this article. In fact, it is
obvious that our ideas can be applied to any model which is scale-invariant and involves the
non-minimal coupling terms between the curvature scalar and charged scalars associated with
local gauge symmetries.
In our calculation, we are not ambitious enough to quantize the metric tensor field and take
a fixed Minkowski background gµν = ηµν . Moreover, we restrict ourselves to the calculation
of radiative corrections between dilaton and matter fields in the weak-field approximation.
One of the motivations behind this study is to calculate the size of the mass of dilaton. As
shown above, the dilaton is exactly massless at the classical level owing to scale symmetry,
but it is well-known that radiative corrections violate the scale invariance thereby leading
to the trace anomaly. Consequently, the dilaton becomes massive in the quantum regime.
Since the dilaton is a scalar field like the Higgs particle, one might expect that there could be
quadratic divergence for the self-energy diagram. On the other hand, since the dilaton is the
Nambu-Goldstone boson resulting from the scale symmetry, the dilaton mass would be much
lower in the such a way that the pion masses are very smaller as the pions can be understood
as the Nambu-Goldstone boson coming from SU(2)L × SU(2)R → SU(2)V flavor symmetry
breaking. As long as we know, nobody has calculated the dilaton mass in a reliable manner,
so we wish to calculate the dilaton mass within the framework of the present formalism and
determine which scenario, quadratic divergence and huge radiative corrections like the Higgs
particle or very lower mass like the pions, is realized. Remarkably enough, it will be shown
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that although the dilaton mass is quadratic divergent, the cutoff scale, which is the Planck
mass in the formalism at hand, is exactly cancelled by the induced coupling constant, by
which the dilaton mass is kept to be around the GeV scale.
Whenever we evaluate anomalies, the key point is to adopt a suitable regularization
method respecting classical symmetries existing in the action as much as possible. In this
article, as a regularization method, we make use of the method of continuous space-time
dimensions, for which we rewrite previous results in arbitrary D dimensions [17]. Like the
dimensional regularization, the divergences will appear as poles 1
D−4 , which are cancelled by
the factor D−4 that multiplies the dilaton coupling, thereby producing a finite result leading
to an effective interaction term.
5.1 Basic formalism
Our starting Lagrangian, which is a scale-invariant extension of the standard model coupled
to the non-minimal terms, is of form
L = √−g
[
(ξ1Φ
†Φ + ξ2H
†H)R− gµν(DµΦ)†(DνΦ)− gµν(DµH)†(DνH)
− 1
4
gµνgρσ(F (1)µρ F
(1)
νσ + F
(2)
µρ F
(2)
νσ + F
a
µρF
a
νσ)− V (H,Φ) + Lm
]
, (46)
where Lm denotes the remaining Lagrangian part of the standard-model sector such as the
Yukawa couplings and various definitions are given by the following expressions:
DµΦ = (∂µ − ie1A(1)µ )Φ, DµH = (∂µ − igτaAaµ − i
e2
2
A(2)µ )H,
F (i)µν = ∂µA
(i)
ν − ∂νA(i)µ , F aµν = ∂µAaν − ∂νAaµ + gεabcAbµAcν ,
V (H,Φ) = λΦ(Φ
†Φ)2 + λHΦ(H
†H)(Φ†Φ) + λH(H
†H)2. (47)
with ei(i = 1, 2) being U(1) coupling constants and g being an SU(2) coupling constant.
As in the Appendix A, in this model, we can also calculate the Noether current for scale
transformation
Jµ =
√−ggµν∂ν [(6ξ1 + 1)Φ†Φ+ (6ξ2 + 1)H†H ]. (48)
It turns out that this dilatation current is conserved on-shell as well.
For simplicity of presentation, we take the vanishing SU(2) gauge field, Aaµ = 0 since this
assumption does not change the essential conclusion for our purpose.
In general D space-time dimensions, as a generalization of Eq. (16), the local scale trans-
formation is defined as
gˆµν = Ω
2(x)gµν , gˆ
µν = Ω−2(x)gµν , Φˆ = Ω−
D−2
2 (x)Φ,
Hˆ = Ω−
D−2
2 (x)H, Aˆ(i)µ = Ω
−D−4
2 (x)A(i)µ . (49)
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Under this local scale transformation (49), with the definition f = log Ω, the scalar curvature
is transformed as
R = Ω2
[
Rˆ + 2(D − 1)✷ˆf − (D − 1)(D − 2)gˆµν∂µf∂νf
]
, (50)
for which we set D = 4 in what follows since we do not quantize the metric tensor and
therefore do not have poles from the curvature.
In a physically more realistic situation, the scale symmetry must be broken spontaneously
in the higher energy region before spontaneous symmetry breaking of the electro-weak sym-
metry since all quantum field theories must in principle contain the gravity from the beginning
although contributions from the gravity can be usually ignored when dealing with particle
physics processes.
Therefore, let us first break the scale invariance by taking the following value for the
charged scalar field Φ:
Φ =
1√
2ξ1
Ω
D−2
2 eiαθ =
1√
2ξ1
eζσ+iαθ, (51)
where we have defined Ω(x) = e
2
D−2
ζσ and ζ−2 ≡ 4D−1
D−2 +
1
ξ1
= 6 + 1
ξ1
. Then, the first term in
(46) takes the form
√−gξ1Φ†ΦR =
√
−gˆ
(
1
2
Rˆ− 3ζ2gˆµν∂µσ∂νσ
)
. (52)
Similarly, the third term in (46) is changed to the form
−√−ggµν(DµΦ)†(DνΦ) = − 1
2ξ1
√
−gˆgˆµν
(
ζ2∂µσ∂νσ + eˆ
2
1Bˆ
(1)
µ Bˆ
(1)
ν
)
, (53)
where we have defined a new coupling constant and massive gauge field as
eˆ1 = Ω
D−4
2 e1, Bˆ
(1)
µ = Aˆ
(1)
µ − ∂µθ, (54)
and chosen α = eˆ1 for convenience. Adding (52) and (53) together yields the expression
√−g
[
ξ1Φ
†ΦR− gµν(DµΦ)†(DνΦ)
]
=
√
−gˆ
(
1
2
Rˆ− 1
2
gˆµν∂µσ∂νσ − eˆ
2
1
2ξ1
gˆµνBˆ(1)µ Bˆ
(1)
ν
)
. (55)
On the other hand, the Lagrangian of matter fields turns out to depend on the dilaton
field σ in a non-trivial manner in general D space-time dimensions. First, the non-minimal
term for H field becomes
√−gξ2H†HR =
√
−gˆ ξ2Hˆ†Hˆ
(
Rˆ + 6ζ2✷ˆσ − 6ζ2gˆµν∂µσ∂νσ
)
. (56)
Second, the kinetic term for H is cast to
−√−ggµν(DµH)†(DνH) = −
√
−gˆgˆµν(DˆµHˆ)†(DˆνHˆ), (57)
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where the new covariant derivative is defined as
DˆµHˆ = (∂µ + ζ∂µσ − i
2
eˆ2Aˆ
(2)
µ )Hˆ, (58)
with being eˆ2 = Ω
D−4
2 e2. Third, the electro-magnetic terms are reduced to the form
−1
4
√−g
2∑
i=1
gµνgρσF (i)µρF
(i)
νσ = −
1
4
√
−gˆ
2∑
i=1
gˆµν gˆρσFˆ (i)µρ Fˆ
(i)
νσ , (59)
where the new field strengths are defined as7
Fˆ (1)µν = Ω
2−D
2 F (1)µν = ∂µBˆ
(1)
ν +
D − 4
2
ζ∂µσ(Bˆ
(1)
ν + ∂νθ)− (µ↔ ν),
Fˆ (2)µν = Ω
2−D
2 F (2)µν = ∂µAˆ
(2)
ν +
D − 4
2
ζ∂µσAˆ
(2)
ν − (µ↔ ν). (60)
Finally, the potential term can be rewritten as
√−gV (H,Φ) =
√
−gˆV (Hˆ)
=
√
−gˆe 2(D−4)D−2 ζσ
[
1
4ξ21
λΦM
4
p +
1
2ξ1
λHΦM
2
p (Hˆ
†Hˆ) + λH(Hˆ
†Hˆ)2
]
. (61)
To summarize, the starting Lagrangian is now of the form
L =
√
−gˆ
[1
2
Rˆ− 1
2
gˆµν∂µσ∂νσ − eˆ
2
1
2ξ1
gˆµνBˆ(1)µ Bˆ
(1)
ν
+ ξ2Hˆ
†Hˆ
(
Rˆ + 6ζ2✷ˆσ − 6ζ2gˆµν∂µσ∂νσ
)
− gˆµν(DˆµHˆ)†(DˆνHˆ)
− 1
4
2∑
i=1
gˆµν gˆρσFˆ (i)µρ Fˆ
(i)
νσ − V (Hˆ) + Lm
]
. (62)
Next, we are ready to deal with spontaneous symmetry breakdown of the electro-weak
symmetry, which is assumed to occur at the lower energy, GeV scale, than breaking of scale
symmetry. To realize the spontaneous symmetry breakdown of the electro-weak symmetry,
we assume the conventional ansatz
λHΦ < 0, λH > 0. (63)
With the parametrization HˆT = (0, v+h√
2
)eiϕ, after the spontaneous symmetry breakdown of
the electro-weak symmetry, the potential term can be described as
V (Hˆ) = e
2(D−4)
D−2
ζσ

1
2
m2hh
2 +
√
λH
2
mhh
3 +
λH
4
h4

 , (64)
7The presence of the Nambu-Goldstone mode θ in Fˆ
(1)
µν merely shows that scale invariance of the theory
under consideration is violated in any space-time dimension except four dimensions.
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where a constant in the square bracket is discarded, and the vacuum expectation value v and
the Higgs mass mh are respectively defined as
v2 =
1
2ξ1
|λHΦ|
λH
M2p , mh =
√
2λHv =
√
|λHΦ|
ξ1
Mp, (65)
where the Planck mass Mp is explicitly written.
Now we wish to consider couplings between the dilaton field σ and matter fields which
vanish at the classical level (D = 4) but provide a finite contribution at the quantum level,
interpreted as the trace anomaly. In the weak field approximation, let us extract terms linear
in the dilaton σ in V (Hˆ) as
e
2(D−4)
D−2
ζσ ≈ 1 + (D − 4)ζσ. (66)
Then, the potential V (Hˆ) is devided into two parts
V (Hˆ) = V (0)(Hˆ) + V (1)(Hˆ), (67)
where we have defined as
V (0)(Hˆ) =
1
2
m2hh
2 +
√
λH
2
mhh
3 +
λH
4
h4,
V (1)(Hˆ) = (D − 4)ζV (0)(Hˆ)σ. (68)
Using the parametrization HˆT = (0, v+h√
2
)eiϕ, the remaining part including the field H
except the Higgs potential is also rewritten, and consequently the whole Lagrangian (62)
takes a little longer expression
L =
√
−gˆ
{1
2
M2p Rˆ−
1
2
gˆµν∂µσ∂νσ − eˆ
2
1
2ξ1
M2p gˆ
µνBˆ(1)µ Bˆ
(1)
ν
+
1
2
ξ2v
2Rˆ + ξ2(vh+
1
2
h2)(Rˆ − 6ζ2 1
M2p
gˆµν∂µσ∂νσ)
− 3ξ2ζ2 v
2
M2p
gˆµν∂µσ∂νσ − 6ξ2ζ2 v
Mp
gˆµν∂µh∂νσ + 3ξ2ζ
2 1
Mp
h2✷ˆσ
− gˆµν
[1
2
∂µh∂νh+ ζ
1
Mp
∂µh∂νσ(v + h) +
1
2
ζ2
1
M2p
∂µσ∂νσ(v + h)
2
+
eˆ22
8
Aˆ(2)µ Aˆ
(2)
ν (v + h)
2
]
− 1
4
2∑
i=1
gˆµν gˆρσFˆ (i)µρ Fˆ
(i)
νσ − V (Hˆ) + Lm
}
, (69)
where we have recovered the Planck mass scale Mp. As mentioned in Section 4, given two
non-minimal terms, we need to diagonalize the kinetic terms for the dilaton σ and the Higgs
field h to get the canonical form. However, in the present context, the energy scale v of the
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electro-weak symmetry breaking is much lower compared to that of the scale symmetry one,
so it is reasonable to take the approximation
v
Mp
≪ 1, ξ2v2 ≪M2p . (70)
With this approximation, the Lagrangian is rather simplified to
L =
√
−gˆ
[1
2
Rˆ − 1
2
gˆµν∂µσ∂νσ − eˆ
2
1
2ξ1
gˆµνBˆ(1)µ Bˆ
(1)
ν
+ ξ2(vh+
1
2
h2)Rˆ− 1
2
gˆµν∂µh∂νh− eˆ
2
2
8
gˆµνAˆ(2)µ Aˆ
(2)
ν (v + h)
2
− 1
4
2∑
i=1
gˆµν gˆρσFˆ (i)µρ Fˆ
(i)
νσ − V (Hˆ) + Lm
]
. (71)
Based on this Lagrangian, we wish to calculate quantum effects, in particular, on the dilaton
coupling below. Since we are interested in the low energy region, the derivative coupling of
the dilaton appearing in Fˆ (i)µν and DˆµHˆ will be ignored in the calculation.
5.2 The coupling between dilaton and Higgs field
In this subsection, we first switch off the U(1) fields and calculate the coupling between the
dilaton σ and the Higgs particle h and derive an effective Lagrangian at the one-loop level.
The contribution from the U(1) fields will be discussed in the later subsection. We will see
that the σhn(2 ≤ n ≤ 4) (n + 1)-point diagrams are non-vanishing whereas the σhn(n ≥ 5)
diagrams are vanishing.
First, let us consider three-point (with two Higgs h and one dilaton σ as the external
particles), one-loop diagrams. Inspection of the vertices reveals that we have three types
of one-loop divergent diagrams in which the Higgs field is circulating in the loop and one
dilaton field, whose momentum is assumed to be vanishing, couples. Note that the divergences
stemming from the Higgs one-loop diagrams provide us with poles 1
D−4 , which cancel the factor
D − 4 multiplying the dilaton coupling in V (1)(Hˆ), thereby yielding a finite contribution.
One type of one-loop divergent diagram, which we call the diagram (A1), is a tadpole type
and is given by the Higgs loop to which the dilaton couples by the vertex −(D − 4)3!ζλH in
V (1)(Hˆ). The corresponding amplitude TA1 is of form
TA1 = −i(D − 4)3!ζλH
∫
dDk
(2pi)D
1
k2 +m2h
= −i(D − 4)3!ζλH ipi
2
(2pi)4
(m2h)
D
2
−1Γ(1− D
2
)
=
3
4pi2
ζλHm
2
h, (72)
17
where we have used the familiar formula in the dimensional regularization which corresponds
to a specific case of the general formula in Appendix B
∫
dDk
(2pi)D
1
k2 +m2h
=
ipi2
(2pi)4
(m2h)
D
2
−1Γ(1− D
2
), (73)
and the property of the gamma function Γ(m+ 1) = mΓ(m).
The second type of one-loop divergent diagram, which we call the diagram (A2), is given
by the Higgs loop to which the dilaton couples by the vertex −(D − 4)ζm2h in V (1)(Hˆ) and
with the Higgs self-coupling vertex −3!λH in V (0)(Hˆ). The amplitude TA2 is calculated as
TA2 = i(D − 4)3!ζλHm2h
∫
dDk
(2pi)D
1
(k2 +m2h)
2
= i(D − 4)3!ζλHm2h
i
16pi2
Γ(2− D
2
)
=
3
4pi2
ζλHm
2
h, (74)
where we have used the equation
∫
dDk
(2pi)D
1
(k2 +m2h)
2
= − ∂
∂m2h
∫
dDk
(2pi)D
1
k2 +m2h
=
ipi2
(2pi)4
(m2h)
D
2
−2(1− D
2
)Γ(1− D
2
)
=
i
16pi2
Γ(2− D
2
). (75)
The final type of one-loop diagram, which we call the diagram (A3), is a little more involved
and given by the Higgs loop to which the dilaton couples by the vertex −(D − 4)3!ζ
√
λH
2
mh
in V (1)(Hˆ) and with the Higgs self-coupling vertex −3!
√
λH
2
mh in V
(0)(Hˆ). The amplitude
TA3 reads
TA3 = 2i(D − 4)ζ

−3!
√
λH
2
mh


2 ∫
dDk
(2pi)D
1
(k2 +m2h) [(k + q)
2 +m2h]
= 36iζλHm
2
h(D − 4)
i
16pi2
Γ(2− D
2
)
=
9
2pi2
ζλHm
2
h, (76)
where q is the external momentum of the Higgs field. In order to reach the final result in Eq.
(76), we have evaluated the integral as follows:
I =
∫
dDk
1
(k2 +m2h) [(k + q)
2 +m2h]
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=
∫ 1
0
dx
∫
dDk
1
[(k2 +m2h)(1− x) + ((k + q)2 +m2h)x]2
=
∫ 1
0
dx
∫
dDk
1
[(k + xq)2 +m2h + x(1− x)q2]2
=
∫ 1
0
dx
∫
dDk
1
[k2 +m2h + x(1− x)q2]2
=
∫ 1
0
dx ipi2Γ(2− D
2
)(m2h)
D
2
−2(1− x+ x2)D2 −2
= ipi2Γ(2− D
2
). (77)
Here at the second equality, we have used the Feynman parameter formula (145) and at
the fourth equality, we have shifted the momentum k + xq → k, which is allowed since the
integral is now finite owing to the regularization, and at the fifth equality we have used the
on-mass-shell condition q2 = −m2h and Eq. (75).
Thus, adding three types of contributions, we have
TA = TA1 + TA2 + TA3 = 6
pi2
ζλHm
2
h. (78)
From this result, we can construct an effective Lagrangian at the one-loop level
Lσh2 = − 3
pi2
ζλH
m2h
Mp
σh2, (79)
where we have explicitly written down the Planck mass dependence in such a way that we
can recognize dimensions clearly.
Next, let us take account of four-point (with three Higgs and one dilaton as the external
particles), one-loop diagrams. In this case, inspection of the vertices reveals again that there
are two types of one-loop divergent diagrams where the Higgs field is circulating in the loop.
One type of one-loop divergent diagram, which we call the diagram (B1), is given by the
Higgs loop to which the dilaton couples by the vertex −(D − 4)3!ζλH in V (1)(Hˆ) and with
the Higgs self-coupling −3!
√
λH
2
mh in V
(0)(Hˆ). The corresponding amplitude TB1 reads
TB1 = i(D − 4)3!ζλH
√
λH
2
mh3!
∫
dDk
(2pi)D
1
(k2 +m2h) [(k + q)
2 +m2h]
= 36iζλH
√
λH
2
mh(D − 4) i
16pi2
Γ(2− D
2
)
=
9
2
√
2pi2
ζλH
√
λHmh, (80)
where we have used Eq. (77).
The other type of one-loop divergent diagram, which is called the diagram (B2), is given
by the Higgs loop to which the dilaton couples by the vertex −(D− 4)3!ζ
√
λH
2
mh in V
(1)(Hˆ)
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and with the Higgs self-coupling −3!λH in V (0)(Hˆ). The amplitude TB2 takes the form
TB2 = i(D − 4)3!ζ
√
λH
2
mh3!λH
∫
dDk
(2pi)D
1
(k2 +m2h) [(k + q)
2 +m2h]
=
9
2
√
2pi2
ζλH
√
λHmh, (81)
Putting the two types of contributions together, we obtain
TB = TB1 + TB2 = 9√
2pi2
ζλH
√
λHmh. (82)
This result gives rise to an effective Lagrangian
Lσh3 = − 3
2
√
2pi2
ζλH
√
λH
mh
Mp
σh3, (83)
where we have recovered the Planck mass again.
Now we turn our attention to five-point (with four Higgs and one dilaton as the external
particles), one-loop diagrams. In this case, we find that there is only one type of one-loop
divergent diagram where the Higgs field is circulating in the loop. This type of one-loop
divergent diagram, which we call the diagram (C), is given by the Higgs loop to which the
dilaton couples by the vertex −(D − 4)3!ζλH in V (1)(Hˆ) and with the Higgs self-coupling
−3!λH in V (0)(Hˆ). The corresponding amplitude TC reads
TC = 2i(D − 4)3!ζλH3!λH
∫
dDk
(2pi)D
1
(k2 +m2h) [(k + p+ q)
2 +m2h]
=
1
pi2
ζλ2H, (84)
where p and q are external momenta of the two Higgs fields. This quantum effect gives us an
effective Lagrangian
Lσh4 = − 1
24pi2
ζλ2H
1
Mp
σh4. (85)
Finally, it is straightforward to evaluate (n + 1)-point (with n ≥ 5 Higgs and one dilaton
as external particles), one-loop diagrams in a similar manner. It turns out that these higher-
point, one-loop diagrams do not yield any divergence, thereby leading to the vanishing effective
Lagrangian. Moreover, we find that there are no divergences for the σnhm(n ≥ 2)-type of
amplitudes at the one-loop level.
After all, we have a total effective Lagrangian at the one-loop level
L1−loop =
[
− 3
pi2
ζλH
m2h
Mp
h2 − 3
2
√
2pi2
ζλH
√
λH
mh
Mp
h3 − 1
24pi2
ζλ2H
1
Mp
h4
]
σ. (86)
Note that this effective Lagrangian has the similar form to the potential as V (1)(Hˆ) but each
coefficient is suppressed by the Planck mass, which means that effects of radiative corrections
are very tiny in the low energy region.
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5.3 Yukawa coupling
In the standard model, the fermion masses arise from the Yukawa coupling between the
fermions and the Higgs field. It is therefore of interest to evaluate radiative corrections of the
Yukawa coupling in the present model.
It is easy to see that there are no radiative corrections to the coupling between the dilaton
and the fermions at the one-loop level, but it turns out that the one-loop induced vertex
produces radiative corrections to this coupling, so we are willing to calcuclate this quantum
effect in this subsection.
Before delving into the calculation, let us go back to the basics of the Yukawa coupling.
The Yukawa coupling between the fermions and the Higgs field is generically given by the
following Lagrangian
LHψ¯ψ = −
√−ggY ψ¯LHψR, (87)
where gY is the Yukawa coupling constant, ψL and ψR are respectively a left-handed, SU(2)-
doublet spinor and a right-handed singlet spinor.
To move the Jordan frame to the Einstein frame, we use the local scale transformation
(49) and its fermionic one
ψˆL = Ω
−D+2
4 (x)ψL, ψˆR = Ω
−D+2
4 (x)ψR. (88)
Under this local scale transformation, the Lagrangian (87) takes the same form
LHψ¯ψ = −
√
−gˆgY ¯ˆψLHˆψˆR. (89)
With the following definitions of spinors and the unitary gauge for the Higgs field Hˆ ,
ψˆTL = (χˆ, ψˆ), ψˆR = ψˆ, Hˆ
T = (0,
v + h(x)√
2
), (90)
the Lagrangian is reduced to
LHψ¯ψ = −
√
−gˆ(Mψ ¯ˆψψˆ + gY√
2
¯ˆ
ψψˆh), (91)
where we have defined Mψ =
gY√
2
v.
We are now in a position to calculate the one-loop amplitude where two fermions and one
dilaton appear as the external particles. In this case, there is no divergent diagram but we
have a finite diagram where the fermion and the Higgs field propagate in the loop, which
we call the diagram (D). In this diagram, the dilaton couples to the Higgs by the vertex
− 6
pi2
ζλH
m2
h
Mp
in (86), which is a one-loop effect8, and two fermions couple to the Higgs by the
8As will seen later, we also have the similar contribution from the U(1) gauge sector at the one-loop level,
but we will now neglect it since the contribution from the gauge sector is smaller than that from (86).
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vertex − gY√
2
in (91). Thus, this diagram is essentially a two-loop effect. The correponding
amplitude is given by
TD = −i 6
pi2
ζλH
m2h
Mp
(
gY√
2
)2
∫
dDk
(2pi)D
6q− 6k −Mψ
(k2 +m2h)
2
[
(q − k)2 +M2ψ
]
=
3
16pi4
ζλHg
2
Y
m2h
MψMp
f(
Mψ
mh
), (92)
where q is the external momentum of the fermion field, which satisfies the on-mass-shell
condition q2 = −M2ψ and the function f(x) is defined as
f(x) = log x+
1− 2x2√
1− 4x2 log
[
1
2x
(1 +
√
1− 4x2)
]
. (93)
To obtain the result in Eq. (92), we have calculated the integral as follows:
J =
∫
dDk
6q− 6k −Mψ
(k2 +m2h)
2
[
(q − k)2 +M2ψ
]
=
∫ 1
0
dx
∫
dDk
2(1− x)( 6q− 6k −Mψ)[
(k2 +m2h)(1− x) + ((q − k)2 +M2ψ)x
]3
=
∫ 1
0
dx
∫
dDk
2(1− x)( 6q− 6k −Mψ)[
(k − xq)2 +M2ψx2 −m2hx+m2h
]3
=
∫ 1
0
dx
∫
dDk
2(1− x)[(1− x) 6q− 6k −Mψ)[
k2 +M2ψx
2 −m2hx+m2h
]3
= −2Mψ
∫ 1
0
dx
∫
dDk
1− x[
k2 +M2ψx
2 −m2hx+m2h
]3
=
ipi2
Mψ
f(
Mψ
mh
). (94)
Here at the second equality, we have used the Feynman parameter formula (146). At the
fourth equality, we have shifted the momentum k−xq → k, and used that ∫ dDk kµF (k2) = 0
for a general function F in addition to qµ ≈ 0 at the low energy. Furthermore, at the final
equality, we have made use of the integral formula∫
dDk
1
(k2 +∆)3
=
ipi2
2∆
, (95)
which is a specific case of a general formula (141).
From the above result, an effective Lagrangian for the interaction between the dilaton and
fermions can be derived to
Lσψ¯ψ = −gσ ¯ˆψψˆσ, (96)
where the effective coupling gσ is defined by the absolute value of TD, i.e., gσ = |TD|.
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5.4 Dilaton mass
As seen in the Lagrangian (71), the dilaton is exactly massless at the classical level since
it is the Nambu-Goldstone boson stemming from spontaneous symmetry breakdown of scale
symmetry. However, it is well-known that the scale symmetry is violated by the trace anomaly
at the quantum-mechanical level, and as a result, the dilaton becomes massive.
It is very interesting to evaluate the size of the dilaton mass within the present formalism.
It is in general expected that if any, the Nambu-Goldstone boson would not be so heavy as in
the pions. Of course, the size of the dilaton mass would be closely related to an energy scale
where the scale symmetry is broken spontaneously. On the other hand, because the dilaton
is a representative example of scalar particle as well as the Higg particle, it is of interest to
investigate if the dilaton would receive the quadratic divergence like the Higgs particle or not.
It turns out that at the one-loop effect, there is no quantum correction for the self-energy
of the dilaton and it is at the two-loop effect that radiative corrections appear for it in the
formalism at hand. Actually, we have a one-loop divergent diagram for the self-energy of the
dilaton, which we call the diagram (E), where two external dilatons couple to the Higgs loop
by the vertex −(D − 4)ζm2h in V (1)(Hˆ) and the vertex − 6pi2 ζλH
m2
h
Mp
in (86) which is already a
one-loop effect. Therefore, this one-loop diagram is essentially a two-loop contribution. The
amplitude takes the form
TE = 2i(D − 4)ζm2h
6
pi2
ζλH
m2h
Mp
∫
dDk
(2pi)D
1
(k2 +m2h)
2
=
3
2pi4
ζ2λH
m4h
Mp
. (97)
This amplitude directly gives rise to an effective action for the mass term of the dilaton
L
(2)
σ2 = −
3
4pi4
ζ2λH
m4h
M2p
σ2 ≡ −1
2
m2σσ
2, (98)
where we have defined the induced dilaton mass mσ as
m2σ =
3
2pi4
ζ2λH
m4h
M2p
. (99)
As expected, it has turned out that the dilaton, which is massless classically, becomes massive
because of radiative corrections.
From the result (99), one might be tempted to conclude that the dilaton mass induced
by radiative corrections is very small since the size of the mass is suppressed by the Planck
mass and ζ ≈ λH ≈ O(1). But the story has not ended yet because we have to take the
quadratic divergence, which is the root of the hiearchy problem in case of the Higgs particle,
into consideration. Since there is no interaction vertex σ2h2 in the present formalism, the
most severe quadratic divergence appears when the fermion is circulating in the loop via the
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vertex in the Lagrangian (96). The amplitude TF , which is essentially a five-loop effect, is
certainly quadratically divergent by power counting
TF = ig2σ
∫
dDk
(2pi)D
1
( 6k +Mψ)2 ≈ ig
2
σ
∫
dDk
(2pi)D
1
k2
≈ −g2σΛ2, (100)
where Λ is the ultra-violet cutoff. Then, with the reasonable choice Λ =Mp, the mass of the
dilaton is approximately given by
mσ ≈ gσΛ = 3
16pi4
ζλHg
2
Y
m2h
Mψ
|f(Mψ
mh
)|, (101)
which is around the GeV scale since |f(Mψ
mh
)| ≈ 1 for mh ≈Mψ, which holds approximately for
ψ = top-quark. (Here it is reasonable to take ζ ≈ λH ≈ gY ≈ O(1) at the low energy.) Note
that the factor 1
Mp
in gσ is cancelled by the cutoff Mp. It is remarkable that the quadratic
divergence, which leads to the burdensome hierarchy problem in case of the Higgs particle,
gives the GeV scale mass to the dilaton! At first sight, it appears that the GeV scale mass of
the dilaton is against the results of the LHC owing to null results in searches for new scalar
particles except the Higgs particle below a few TeV scale. However, as seen in the relation
gσ = |TD| and Eq. (92), the coupling between the dilaton and the Higgs particle is so tiny
that it is extremely difficult to detect the dilaton in the LHC.
5.5 Contributions from gauge fields
In the previous subsections, we have switched off the U(1) gauge fields. In this final subsection,
we switch on the U(1) gauge fields, and wish to calculate the coupling between the dilaton and
the Higgs particle by using propagators and vertices from the sector of the gauge fields in the
Lagrangian (71). The result is very simple and illuminating in the sense that we can obtain
the similar form of the effective Lagrangian to (86) at the one-loop level, but the coefficient
of each term is multiplied by the square of the ”fine structure constant”.
For convenience, let us pick up part of the Lagrangian (71) which contains the gauge fields
LEM =
√
−gˆ
[
− 1
4
2∑
i=1
gˆµν gˆρσFˆ (i)µρ Fˆ
(i)
νσ −
eˆ21
2ξ1
gˆµνBˆ(1)µ Bˆ
(1)
ν −
eˆ22
8
gˆµνAˆ(2)µ Aˆ
(2)
ν (v + h)
2
]
. (102)
With the following definitions of the mass of the gauge fields
mˆ2A =
1
4
eˆ22v
2, mˆ2B =
eˆ21
ξ1
, (103)
the Lagrangian (102) can be rewritten as
LEM =
√
−gˆ
[
− 1
4
2∑
i=1
(Fˆ (i)µν )
2 − mˆ
2
B
2
(Bˆ(1)µ )
2 − mˆ
2
A
2
(Aˆ(2)µ )
2 − mˆ2A(
1
v
h +
1
2v2
h2)(Aˆ(2)µ )
2
]
. (104)
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Because of the relations eˆi = Ω
D−4
2 ei = e
D−4
D−2
ζσei (i = 1, 2), we have
mˆ2A ≈ m2A[1 + (D − 4)ζσ], mˆ2B ≈ m2B[1 + (D − 4)ζσ], (105)
where m2A, m
2
B are defined as in (103) but without the hat on ei. Thus, in the sector of the
gauge fields, we have six different vertices σ−B2, σ−A2, h−A2, h2−A2, σ−h−A2, σ−h2−A2,
and two propagators of massive gauge fields Aˆ(2)µ , Bˆ
(1)
µ for which we take the Feynman gauge.
Now, on the basis of these vertices and propagators, we would like to consider (n+1)-point
(with n Higgs particles and one dilaton as external particles), one-loop diagrams. For n = 2,
we have two types of one-loop divergent diagrams in which the gauge field A(2)µ is circulating
in the loop. One type of the diagram, which we call the diagram (G1), is a tadpole type
in which the dilaton couples to the loop composed of the gauge field A(2)µ by the vertex
−2m2A
v2
(D − 4)ζηµν = −12e22(D − 4)ζηµν. The corresponding amplitude TG1 is given by
TG1 = −2ie22(D − 4)ζ
∫
dDk
(2pi)D
1
k2 +m2A
=
1
4pi2
e22ζm
2
A
= α22ζv
2, (106)
where we have introduced the ”fine structure constant” α2 =
e22
4pi
.
The other type of one-loop diveregent diagram which we call the diagram (G2), is the self-
energy type of the dilaton where the dilaton couples to the loop by the vertex −1
4
e22v(D−4)ζηµν
and with the gauge-Higgs coupling vertex −1
4
e22vηµν . The amplitude TG2 is given by
TG2 = i1
2
(D − 4)ζ(e22v)2
∫
dDk
(2pi)D
1
(k2 +m2A)[(k + q)
2 +m2A]
= α22ζv
2, (107)
where q is the external momentum of the Higgs particle.
Hence, adding the two results, we have
TG = TG1 + TG2 = 2α22ζv2, (108)
from which, we obtain an effective Lagrangian
Lσh2 = −α22ζ
v2
Mp
σh2. (109)
Next, let us move to the evaluation of 4-point (with 3 Higgs particles and one dilaton as
external particles), one-loop diagrams. In this case, there are two kinds of divergent diagrams.
The one diagram, which we call the diagram (H1), has the h−A2 vertex with the coefficient
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−1
4
e22vηµν and σ−h2−A2 vertex with the coefficient −12e22(D−4)ζηµν , so the amplitude takes
the form
TH1 = i1
2
(D − 4)ζe42v
∫
dDk
(2pi)D
1
(k2 +m2A)[(k + q)
2 +m2A]
= α22ζv, (110)
where q is the momentum carried by the external Higgs particle coupled to the loop via the
vertex h−A2.
The other divergent diagram, which is called (H2), has the vertex h2 − A2 with the
coefficient −1
2
e22ηµν and the vertex σ − h − A2 with the coefficient −14e22v(D − 4)ζηµν . It
turns out the corresponding amplitude is the same as TH1, so we have
TH2 = α22ζv. (111)
Putting Eqs. (110) and (111) together, we obtain the result
TH = TH1 + TH2 = 2α42ζv, (112)
from which an effective Lagrangian becomes
Lσh3 = −1
3
α22ζ
v
Mp
σh3. (113)
Finally, as 5-point (with 4 Higgs particles and one dilaton as external particles), one-loop
divergent diagrams, there is only one diagram constructed out of the vertex h2 −A2 and the
vertex σ − h2 − A2. The amplitude TG3 is of form
TI = 2i(D − 4)ζe42
∫
dDk
(2pi)D
1
(k2 +m2A)[(k + p− q)2 +m2A]
= 4α22ζ, (114)
from which an effective Lagrangian can be derived to
Lσh4 = −1
6
α22ζ
1
Mp
σh4. (115)
Incidentally, it is easy to check that there are no divergent, one-loop diagrams for the case of
(n+ 1)-point (with n ≥ 5 Higgs and one dilaton as external particles) as before.
Putting these results together, we have the following effective Lagrangian from the sector
of the gauge fields:
L
1−loop
EM = α
2
2
[
−ζ v
2
Mp
h2 − 1
3
ζ
v
Mp
h3 − 1
6
ζ
1
Mp
h4
]
σ
=
(
α2
λH
)2 [
−1
2
ζλH
m2h
Mp
h2 − 1
3
√
2
ζλH
√
λH
mh
Mp
h3 − 1
6
ζλ2H
1
Mp
h4
]
σ, (116)
where we have used the relation v = mh√
2λH
in (65). The last equality shows that the Lagrangian
(86) is more dominant than the Lagrangian (116) because of λH ≫ α2. Thus, the results about
the dilaton mass obtained in the previous subsection in essence remain unchanged even if the
contribution from the gauge fields is taken into consideration.
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6 Conclusion
In this article, we have investigated a Higgs mechanism in scale-invariant theories of grav-
itation in detail. After reviewing this new Higgs mechanism found in our previous articles
[11, 12] in terms of the simplest model, we have extended the Higgs mechanism to non-Abelian
gauge groups and a scalar field with many components. Since we have already considered the
Higgs mechanism in a locally scale-invariant theory of gravitation, i.e., conformal gravity, the
validity of this mechanism in the scale-invariant gravitational theories is very universal and
therefore would have some phenomenological applications in future.
Moreover, we have spelled out quantum effects of a scale-invariant extension of the stan-
dard model in a flat Minkowski background, and examined the coupling between the dilaton
and the Higgs particle. An intriguing observation done in our analysis is that although the
mass of the dilaton is exactly zero at the classical level owing to the Nambu-Goldstone the-
orem, it becomes non-zero and takes a finite size around the GeV scale because of radiative
corrections. It is worthwhile to mention that we have succeeded in deriving the size of the
dilaton mass deductively by starting with a fundamental theory and without any specific
assumption. As long as we know, the dilaton mass has not thus far been obtained in such
a priori manner, so we think our derivation of the dilaton mass to be very interesting. As
mentioned in the article, the GeV scale mass of the dilaton is consistent with the recent null
results of new scalar particles except the Higgs particle in the LHC since the coupling constant
of the dilaton is too small to detect the dilaton in the LHC. However, the dilaton with the
GeV scale mass would have some implication in cosmology, e.g., the dilaton could become one
of candidates of dark matter if it is somehow stable because of some unknown mechanism.
Our consideration in this article is confined to the quantum analysis in a fixed Minkowski
background. In other words, quantum effects coming from the gravity are completely ignored
because of non-renormalizability of quantum gravity. Since quantum gravity effects are of
course not so dominant as quantum effects from matter fields in the low energy region, it is
physically reasonable to neglect quantum effects of the gravity as the first approximation of
the calculation. Nevertheless, it is of interest to take into consideration the quantum effects
from the gravity. In the future, we wish to study the quantum effects from the gravitational
sector in the present formalism.
Another interesting study for an application of our finding is the Higgs inflation [18]. We
wish to return this problem as well in near future.
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A Derivation of current for scale transformation
In Appendix A, we will present a derivation of the dilatation current (4) via the Noether
theorem. It is easy to show that the Lagrangian (1) is invariant under the scale transformation
(3) without surface terms. Therefore, the expression of the Noether current is of form
ΛJµ =
∑ ∂L
∂∂µφ
δφ, (117)
where φ = {gµν ,Φ,Φ†}. Under the scale transformation (3) with a global parameter Ω =
eΛ ≈ 1 + Λ (|Λ| ≪ 1), the current reads
Jµ =
∂L
∂∂µgρσ
2gρσ − ∂L
∂∂µΦ
Φ− ∂L
∂∂µΦ†
Φ†, (118)
so we have to calculate three objects ∂L
∂∂µgρσ
, ∂L
∂∂µΦ
, ∂L
∂∂µΦ†
to obtain the expression of the dilata-
tion current Jµ. In particular, calculating the first object ∂L
∂∂µgρσ
is so complicated that we
will present its derivation in detail.
First, with the definition ϕ = ξΦ†Φ, let us consider the non-minimal term
LNM =
√−g ϕR = L1 + L2, (119)
where we have defined
L1 =
√−g ϕgµν(∂αΓαµν − ∂νΓαµα),
L2 =
√−g ϕgµν(ΓασαΓσµν − ΓασνΓσµα), (120)
where as usual the affine connection and its contraction are defined as
Γαµν =
1
2
gαβ(∂µgβν + ∂νgβµ − ∂βgµν), Γαµα =
1
2
gαβ∂µgαβ =
∂µ
√−g√−g . (121)
L1 includes terms with second derivative of the metric, i.e., ∂2g, so we need to perform
the integration by parts to transform them to terms with first derivative, i.e., ∂g. After the
integration by parts, L1 is devided in two parts, one of which contains terms proportional to
∂ϕ and the other part does terms proportional to ϕ itself
L1 = −
√−g ∂αϕ(gµνΓαµν − gαµΓβµβ)− ϕ[∂α(
√−ggµν)Γαµν − ∂ν(
√−ggµν)Γαµα]. (122)
Now let us focus on the second term, which we call A, and show that A is equal to −2L2.
A ≡ −ϕ[∂α(
√−ggµν)Γαµν − ∂ν(
√−ggµν)Γαµα]
= −ϕ[√−g(Γβαβgµν + ∂αgµν)Γαµν −
√−g(Γβνβgµν + ∂νgµν)Γαµα]. (123)
In terms of the definition of the affine connection (121), we can prove the following relations:
∂αg
µνΓαµν = −2gµνΓασνΓσµα,
∂νg
µν = −gαβΓµαβ − gµνΓανα. (124)
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Inserting Eq. (124) to Eq. (123), we reach the result that A is equal to −2L2:
A = −2ϕ √−ggµν(ΓασαΓσµν − ΓασνΓσµα) = −2L2. (125)
Next, plugging this result into Eq. (122) leads to
L1 = −
√−g ∂αϕ(gµνΓαµν − gαµΓβµβ)− 2L2. (126)
Moreover, substituting Eq. (126) into Eq. (119), we have
LNM = −
√−g ∂αϕ(gµνΓαµν − gαµΓβµβ)− L2
≡ LK − L2. (127)
Here we have defined
LK = −
√−g ∂αϕ(gµνΓαµν − gαµΓβµβ)
≡ −√−g ∂αϕKα, (128)
where Kα is defined as
Kα = gµνΓαµν − gαµΓβµβ
= (gαρgµσ − gαµgρσ)∂µgρσ, (129)
where at the second equality we have used Eqs. (121) and (124). With this expression (129),
it is straightforward to take the variation of LK with respect to ∂µgρσ whose result is given
by
∂LK
∂∂µgρσ
= −√−g ∂αϕ(gα(ρgσ)µ − gαµgρσ). (130)
Thus, we have
∂LK
∂∂µgρσ
2gρσ = 6
√−g ∂µϕ. (131)
Taking the variation of L2 with respect to ∂µgρσ is a bit tedious but straightforward since
the whole calculation can be performed by using the formula
∂Γλαβ
∂∂µgρσ
=
1
2
[gλρδµ(αδ
σ
β) + g
λσδ
µ
(αδ
ρ
β) − gλµδρ(αδσβ)]. (132)
After a straightforward calculation using Eq. (132), we have the result
∂L2
∂∂µgρσ
=
√−g ϕ[1
2
gρσgαβΓµαβ − gραgσβΓµαβ +
1
2
(gµρgνσ + gµσgνρ − gµνgρσ)Γανα]. (133)
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Hence, we obtain
∂L2
∂∂µgρσ
2gρσ = 2
√−g ϕKµ. (134)
Accordingly, Eqs. (131) and (134) give us
∂LNM
∂∂µgρσ
2gρσ = 2
√−g(3∂µϕ− ϕKµ). (135)
Since ∂µgρσ is only included in LNM , from the definition ϕ = ξΦ†Φ, we have
∂L
∂∂µgρσ
2gρσ = 2ξ
√−g[3gµν∂ν(Φ†Φ)− Φ†ΦKµ]. (136)
Furthermore, it is easy to calculate the variation of the Lagrangian with respect to
∂µΦ, ∂µΦ
†. The results read
∂L
∂∂µΦ
Φ = −√−g[ξΦ†ΦKµ + gµν(DνΦ)†Φ],
∂L
∂∂µΦ†
Φ† = −√−g[ξΦ†ΦKµ + gµν(DνΦ)Φ†]. (137)
Putting together Eqs. (136) and (137), the dilatation current (118) is calculated to be
Jµ = (6ξ + 1)
√−ggµν∂ν
(
Φ†Φ
)
. (138)
B Useful formulae in the loop calculation
In Appendix B, we summarize useful formulae in calculating radiative corrections in Section
5. Following Ref. [15], as a regularization method, we adopt the method of continuous space-
time dimensions D in a flat Minkowski space-time. In this regularization method, all the
quantities are extended from four dimensions to D dimensions. Let us therefore focus on the
following loop integral:
I(m,n) =
∫
dDk
(k2)m−2
(k2 +∆)n
, (139)
where m,n are integers and ∆ is a constant. By power counting, this integral is convergent
as long as D < 2n− 2m+ 4.
With a Wick rotation k0 = ikD and the ansatz of spherical symmetry, the integral (139)
can be rewritten as
I(m,n) = iV (D)
∫ ∞
0
dk
k2m+D−5
(k2 +∆)n
, (140)
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where V (D) = 2pi
D
2
Γ(D
2
)
is a D-dimensional volume form, e.g., V (4) = 2pi2. Via the change of
variables from k to t = k
2
∆
, the integral is reduced to
I(m,n) = iV (D)
1
2
∆m−n+
D
2
−2
∫ ∞
0
dt
tm+
D
2
−3
(1 + t)n
= iV (D)
1
2
∆m−n+
D
2
−2B(m+
D
2
− 2, n−m− D
2
+ 2), (141)
where the definition of the beta function is used:
B(α, β) =
∫ 1
0
dx xα−1(1− x)β−1 =
∫ ∞
0
dt tα−1(1 + t)−α−β =
Γ(α)Γ(β)
Γ(α + β)
. (142)
Since Γ(z) has isolated poles at z = 0,−1,−2, · · ·, the integral (141) has isolated poles at
D = 2(n−m+2), 2(n−m+3), · · ·. We often make use of a relation for the gamma function,
which holds for positive real numbers x > 0
Γ(x+ 1) = xΓ(x), (143)
and Γ(1) = 1.
In Section 5, to combine propagator denominators we utilize the Feyman parameter for-
mula
1
A1A2 · · ·An =
∫ 1
0
dx1 · · ·dxnδ(
∑
xi − 1) (n− 1)!
(x1A1 + x2A2 + · · ·+ xnAn)n . (144)
In the case of only two denominator factors, this formula reduces to
1
AB
=
∫ 1
0
dx
1
[xA + (1− x)B]2 . (145)
Taking differentiation of Eq. (145) with respect to B, we can derive another formula
1
AB2
=
∫ 1
0
dx
2(1− x)
[xA + (1− x)B]3 . (146)
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